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2 ' In this note we prove the following result: Let O be a compact, connected 

Riemannian 4-orbifold with singular set of codimension at least 2 and with 

positive isotropic curvature. Then O is diffeomorphic to an orbifold con- 
CN ■ nected sum of a finite number of spherical 4-orbifolds with singular set of 

JiT . codimension at least 2. We also have a noncompact version. This extends the 

\^ ', previous works of Hamilton, Chen-Zhu, Chen-Tang-Zhu and the author to a 

'nT ' more general situation. The proof uses Ricci flow with surgery on orbifolds, 

and is partially inspired by recent work of Kleiner and Lott. 
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^2 ■ 1 Introduction 



In our previous work [12] we classified complete (noncompact) 4-manifolds (and 
more general, 4-orbifolds with at most isolated singularities) with uniformly positive 
isotropic curvature and with bounded geometry. (For the compact case the result 
is due to Hamilton [llj, Chen-Zhu [5], and Chen-Tang-Zhu [4J.) In addition to 
benefiting from the works cited above, that work also uses ideas from Perelman 
jT8| , [19j and Bessieres-Besson-Maillot [1] . In this note we try to extend this result 
to the case that the singular set is of codimension at least 2. This is partially 
inspired by recent work of Kleiner-Lott [13J on geometrization of 3-orbifolds via 
Ricci flow. More precisely we will show 

Theorem 1.1. Let O be a complete, connected Riemannian 4-orbifold with sin- 
gular set of codimension at least 2, with uniformly positive isotropic curvature and 
with bounded geometry. Then there is a finite collection J-" of spherical 4-orbifolds 
with singular set of codimension at least 2 such that O is diffeomorphic to a (pos- 
sibly infinite) orbifold connected sum of members of T . 



For simplicity we state and prove our theorem under the restriction condition 
that the singular set of the orbifolds should have codimension at least 2. This 
restriction condition is not essential. In fact most of our results hold without 
this restriction condition. Without this condition we can go through all around 
with slightly more complicated definitions of necks and caps and with some minor 
adjustments; also note that if we double an arbitrary orbifold along all reflectors 
(strata of the singular set of codimension 1) we obtain an orbifold with singular 
set of codimension at least 2. 

I expect that the construction of [16] can be adapted to the case of orbifold con- 
nected sum to give the converse of our theorem: Any 4-orbifold as in the conclusion 
of the theorem should carry a complete metric with uniformly positive isotropic 
curvature and with bounded geometry. 

As a special case we have 

Theorem 1.2. Let O be a compact, connected Riemannian 4-orbifold with sin- 
gular set of codimension at least 2 and with positive isotropic curvature. Then 
O is diffeomorphic to an orbifold connected sum of a finite number of spherical 
4-orbifolds with singular set of codimension at least 2. 

We refer to Thurston [21], Kleiner-Lott [13J for an introduction to the geometry 
and topology of orbifolds. Recall that a Riemannian orbifold O ( not necessarily of 
dimension 4) has positive isotropic curvature (compare [15]) if for any orthonormal 
4-frame in any uniformizing chart, the curvature tensor satisfies 

-Rl313 + -Rl414 + -R2323 + -R2424 > 2-Ri234- 

Now we consider in particular 4-orbifolds. Then if we decompose the bundle A^TO 
into the direct sum of its self-dual and anti-self-dual parts 

A^TO = A\TO ® AlTO, 
the curvature operator can be decomposed as 



Ti — \ ^T 



A B 
B^ C 



where A = W+ + -^^ C = W^ + yf, (here W+ and W_ are self-dual part and 
anti-self-dual part of the Weyl curvature respectively,) and B gives the trace free 
part of the Ricci tensor. Denote the eigenvalues of the matrices A, C and yBB^ 
by ai < a-2 < a-ii Ci < c-2 < C3 and 61 < &2 < &3 respectively. It is easy to see 
(cf. |llj) that ( for a Riemannian 4-orbifold) the condition of positive isotropic 
curvature is equivalent to the conditions ai + a2 > 0, Ci + C2 > 0. A complete 
Riemannian 4-orbifold O is said to have uniformly positive isotropic curvature if 
there is a positive constant c such that ai + a2 > c, ci + 02 > c. 

Also recall that a complete Riemannian orbifold O has bounded geometry if the 
sectional curvature is bounded (in both sides), and there exists a constant f > 
such that vol B{x, 1) > v for any x G (9. 



Now we explain the notion of orbifold connected sum, which extends the cor- 
responding one in |1]. Let Oi {i = 1,2) be two n-orbifolds, and let Di C Oi be two 
suborbifolds-with boundary, both diffeomorphic to some quotient orbifold D"'/ /T, 
where Z)" is the closed unit ra-ball, and F is a finite subgroup of 0{n). Choose 
a diffeomorphism / : dDi — )■ dD2, and use it to glue together Oi \ int{Di) and 
O2 \ int{D2)- The result is called the orbifold connected sum of Oi and O2 by 
gluing map /, and is denoted by Oi^f02- If -Di {i = 1, 2) are disjoint suborbifolds- 
with boundary (both diffeomorphic to some quotient orbifold D"^/ /T) in the same 
n-orbifold O, the result of similar process as above is called the orbifold connected 
sum on (the single orbifold) O, and is denoted by Cjl/. Sometimes, by abuse of 
notation, we will omit the / in Oi^f02 and Ojj/. 

An n-orbifold O is a (possibly infinite) orbifold connected sum of members of a 
collection J-" of n-orbifolds if there exist a locally finite graph G (in which we allow 
an edge to connect some vertex to itself), a map v ^-^ Fy which associates to each 
vertex of G a copy of some orbifold in J^, and a map e h> /e which associates to 
each edge of G a diffeomorphism of some {n — l)-dimensional spherical orbifold, 
such that if we do an orbifold connected sum (as defined above) along each edge e 
using the gluing map /e, we obtain an ra-orbifold diffeomorphic to O. 

For example, let F be a finite subgroup of 0(4), then F acts on S'^ by suspension. 
Using our ambiguous orbifold connected sum notation, M^/ /T fa S^//Ftl§'^//Ftl • ••, 
the cylinder §^//F x R-*^ ?^ ■ ■ ■tJ§'*//FtJ§^//FtJ ■ ■■. Also note that for a diffeomorphism 
/ : §V/F -^ §V/F the mapping torus §V/F x j S^ ^ SV/rtl/. By work of [B] and 
[14j . in the case F < 5*0(4), the mapping class group of §'^//F is finite. So given 
finite subgroup F < 5*0(4), there are only a finite number of orbifolds of the forms 
§^//F Xj §^ up to diffeomorphism. Finally note that the cap S^//F x^j ^^ ~ 
S^//{F, (3"}tlS^//FtlS'^//Ftl ■ ■■ (for relevant definitions and notations see Section 2). 

As in our previous work, our proof of the main theorem uses a version of 
Hamilton-Perelman's Ricci flow with surgery on orbifolds. 

In Section 2 we extend Gromoll-Meyer's theorem to the orbifold case, and we 
describe the canonical neighborhood structure of restricted ancient K-solution on 
4-orbifolds. In Section 3 we define the surgical solutions and investigate their 
properties. In Section 4 we prove our main theorem, and finally, in an appendix we 
prove some technical results on overlapping e-necks that we need. Since this work 
is a continuation of pjj , we will omit part of the proof which is similar to that in 
1121. 



2 Restricted ancient /T:-solution on 4-orbifolds 

Let {O,go) be a complete 4-orbifold with |i?m| < K. Consider the Ricci flow ([8]) 

dg 

— = -2Ric, g\t=o = go- (2.1) 

Clearly Shi's short time existence for Ricci flow with initial data a complete mani- 
fold with bounded sectional curvature ([20]) extends to the orbifold case, so (2.1) 



has a short time solution. 

Now we assume further that the orbifold {O, go) has uniformly positive isotropic 
curvature (for definition see Section 1), then we can easily generalize Hamilton's 
pinching result in yj] to our situation (compare also [T2]). 



Lemma 2.1. Let {O, Qq) be a complete 4-orbifold with uniformly positive isotropic 
curvature and with bounded curvature. Then there exist positive constants p,A,P< 
+00 depending only on the initial metric, such that the solution to the Ricci flow 
(2.1) with bounded curvature satisfies 

Oi + p > and Ci + p > 0, 

maxjas, 63, C3} < A(ai + p), maxjas, 63, C3} < A(ci + p), 

fc3 / 1 J Aef! 



< 1 + 



^J{ax+p){cx+p) max{ln^ {ax+p)[cx+p) ,2} 

Since the 4-orbifolds we consider have uniformly positive isotropic curvature, 
and in particular, have uniformly positive scalar curvature, the Ricci flow (2.1) will 
blow up in finite time. It follows from Lemma 2.1 that any blown-up limit (if it 
exists) satisfies the following restricted isotropic curvature pinching condition 

03 < Aai, C3 < Aci, 63 < aiCi. 

This motivates the following definition. 

Definition (compare [5], |1]) Let {0,g{t)) be a smooth, complete, and nonflat 
solution to the Ricci flow on a 4-orbifold with singular set of codimension at least 
2. It is said to be a (restricted) ancient K-orbifold solution if the following holds: 

(i) it exists on the time interval (— oo,0], 

(ii) it has positive isotropic curvature and bounded sectional curvature (on each 
compact time interval), and satisfies 

0.3 < Aai, C3 < Aci, 63 < aiCi 

for some constant A > 0, and 

(iii) it is K-noncollapsed on all scales for some constant n > 0. 

Now we will investigate the structure of (restricted) ancient K-orbifold solutions. 
First we define necks and caps which will be the local models of (restricted) ancient 
K-orbifold solutions. Let F be a finite subgroup of 0(4) such that §^//F has 
singular set of codimension at least 2. A ( topological ) neck is an orbifold which is 
diffeomorphic to §'^//F x M. To define caps, we let F be a finite subgroup of 0(4) 
such that S^//F admits an isometric involution a (i.e. a nontrivial isometry a with 
0"^ = 1) such that the quotient (S^//F x M.)/ /{l,cr}, where a is the reflection on 
the orbifold §V/F x M defined by a{x,s) = {a{x), -s) for x G §V/F and s G M, 
has singular set of codimension at least 2. We denote this orbifold by §'^//F x^^ J^- 
(By the way, note that F and a may act isometrically on S'^ in a natural way.) We 
define a (topological) cap to be an orbifold diffeomorphic to either S^//F Xz2^ 



as above, or W^/ /T', where T' is a finite subgroup of 0(4) sucli tliat W^/ /T' lias 
singular set of codimension at least 2. 

We point out that our definitions of necks and caps are natural extension of those 
in [5], [1]. For example, let F be a finite subgroup of 50(4) such that S^//F admits 
a fixed point free isometric involution a, then the quotient (S^//F x R)/ /{l,a}, 
where a is defined as above, has singular set of codimension at least 2; these in- 
clude the smooth cap Of defined in |3]. For another example, let ctj : §^ — t- §^ 
(1 < i < 3) be three involutions defined by {xi,X2,X3,X4^) i— > (xi, — X2, — X3, — X4), 
{xi, X2, xs, X4,) t-)- (xi,X2, -X3, -X4), and (xi,X2,X3,X4) H- {xi,X2,X3,-X4) respec- 
tively. Then the quotients (§^ x M.)/ /{l,ai} as defined above are orbifolds with 
singular set of dimension 0, 1, and 2 respectively. Note that (S'^ x ]R)//{l,(fi} is 
the orbifold cap of type II defined in [1]. Also note that M'^//F' include the smooth 
cap B^ and the orbifold cap of type I defined in [^. 

Proposition 2.2. Let {0,g{t)) be a (restricted) ancient K-orbifold solution such 
that the curvature operator has null eigenvector somewhere. Then O is isometric 
to a shrinking Ricci soliton S^//F x M or S^//F' x^^ J^- 

Proof We pull back our solution to the universal cover {0,g{t)). Using Hamil- 
ton's strong maximum principle ([9], which can be adapted to the orbifold case) 
one see that O is isometric to a product O' x M. Using our definition of ancient 
K-orbifold solution we see that O' is a round 3-sphere (compare Chen-Zhu ^). 
Then it follows from the K-noncollapsing assumption that O is noncompact (com- 
pare [5]). So O has one or two ends. If O has two ends, it must be isometric 
to S'^Z/F X M for some finite subgroup F < 0(4). li O has one end, it must 
be isometric to S^//F' x^2 ^^ fo^' some finite subgroup F' < 0(4). The reason 
(for the latter case) is as follows. We adapt an argument in [1]. We can write 
O = S^ X IR//F for a subgroup F of isometrics of the round cylinder §^ x M. Let 
F = F*^ U F^, where the second components of F° and F^ act on M as the identity 
or a reflection respectively. Pick cr G F^. Then o"^ G F*^, and crF° = F^. Now 
O = (§7/F' X M.)//{a) = §V/r' Xz2 M, where F' is the first component of F° 
acting on S^, and a reduces to an involution a acting isometrically on §^//F' x M. 

The following proposition extends GromoU-Meyer's theorem [7] and Corollary 
3.6 in [3]. 

Proposition 2.3. Let {O, g) he a complete, noncompact and connected Riemannian 
n-orbifold with positive sectional curvature, then the soul of O is a point, and O is 
diffeomorphic to W^/ /T for some finite subgroup F of 0{n). 

Proof First we recall the construction of soul in Cheeger-GromoU [3], and 
Kleiner-Lott [13]. We follow closely [13]. We fix a basepoint -k G \0\, and asso- 
ciating to any unit-speed ray t] in \0\ starting from -k we consider the Busemann 
function 6,,(p) := limt^+oo{d{p,ri{t)) — t). Let / = infrpr], where r] runs over unit 
speed rays starting from -k. Then / is a proper concave function on |(9| which is 



bounded above. Let Cq be the minimal nonempty superlevel set of /, and induc- 
tively, for i > 0, let Cj+i be the minimal nonempty superlevel set of dgd on Ci 
(if such a Cj+i exists). (For definition of dCi see Section 3 of [I3].) Let S be the 
nonempty Ck so that Ck+i does not exist, and let the soul S = 0\s- Then 5 is a 
totally convex suborbifold, and O is diffeomorphic to the normal bundle N'S of S 
by Proposition 3.13 in [T3] . 

We need only to show that S consists of one point. We argue by contradiction. 
Otherwise, we can choose a minimizing geodesic 7 : [a, b] — )■ S. Since 5* is the 
minimal nonempty superlevel set oidQCk_^ on Ck-i, S = dg^ _ [c, +00) = dg^, _ {c} 
for some nonnegative constant c. (Note that since we assume that S contains 
more than one point, k 7^ 0.) It follows that rf^c^^i 07 = 0. Note that c 7^ 
(that is 7([a, 6]) ^ dCk-i), since Ck-i \ dCk-i 7^ 0- Let t 1— )■ exp^(a)tX(a) be 
a minimizing unit-speed geodesic from 7(a) to dCk-i- Let {X(s)}sg[a,fe] be the 
parallel transport of X(a) along 7. Then the rectangle V : [a, h] x [0, c] — )■ Ck-i 
given by V^(s,t) = exp^(s)'tX{s) is flat and totally geodesic by Lemma 3.9 in [T3] . 
This contradicts to the positive sectional curvature assumption. 

The following proposition extends Proposition 3.5 in |1]. 

Proposition 2.4. There exist a universal positive constant rj and a universal pos- 
itive function u : [0, 00) — )■ (0, 00) such that for any restricted ancient n-orbifold 
solution {0,g{t)), we have 

{t)R{x,t) < R{y,t)u{R{y,t)dt{x,yf) 
for any x,y E O, t E (— cxd, 0], and 

f)R 

{ii)\VR\{x,t) < 7]R-2{x,t), I — |(x,t) < 7]R\x,t) 

for any x E O, t E (—00, 0] . 

Proof (1) We follows the proof of Proposition 3.5 in P]. 

Case 1: The curvature operator has null eigenvector somewhere. Then the 
result follows immediately from Proposition 2.2. 

Case 2: O is compact and has positive curvature operator. In this case we know 
that O is diffeomorphic to a spherical 4-orbifold by Bohm-Wilking [2]. (One can 
also give a proof of this fact by combining Perelman's noncollapsing theorem [18] 
and the Ricci flow compactness theorem for orbifolds as established in Kleiner-Lott 
[T3] with Hamilton's estimates in [9]). Then we can pull back the solution to iS^ 
and use the corresponding result in the manifold case as established in [5], and 
argue as in [1] to get the desired result. 

Case 3: O is noncompact and has positive curvature operator. By Proposition 
2.3 we know that O is diffeomorphic to M^Z/F for some finite subgroup F of 0(4). 
Then we argue as in Case 2. 



(ii) Note that these are local estimates. We argue by pulling back the solu- 
tions to their universal covers (which are manifolds as shown above) and using the 
corresponding result in the manifold case in [5]. 

Now we define e-neck, e-cap, strong e-neck. Given a Riemannian 4-orbifold 
{0,g), an open subset U, and a point Xq G f/. U is an e-neck centered at Xq if 
there is a diffeomorphism ip : (§^//r) x I — )■ [/ with Xq G ip{Ei^/ /T x {0}) for some 
finite subgroup F of 0(4), such that the pulled back metric f*g, scaling with the 
factor -R(xo), is e-close (in C^^ ' topology) to the standard metric on (S^/F) x I 
with scalar curvature 1 and I = {—e~^,e~^). An open subset U is an e-cap centered 
at Xq if U is diffeomorphic to ]R^//r or §^//r' x^j ^, such that there is an open 
set V with compact closure such that Xq E V G V C U, and [/ \ V^ is an £-neck. 

Given a Ricci flow solution (C'^,5f(t)), an open subset U, and a point xq G U. 
An evolving e-neck U centered at (xo,to) and defined for rescaled time ti is an 
e-neck (f : (S'^//r) x I — > f/ centered at (xo,to) such that if we pull back the 
solution on the parabolic region {{x,t)\x G f/, t G [to — Rixo,to)~^ti,to]} via ip, 
scale it with the factor i?(xo,to) and shift the time to to 0, is £-close (in C'^ ^ 
topology) to the space-time subset (S^//r x I) x [— ti,0] of the evolving round 
cylinder S^//r x M (with scalar curvature one and length 2e~^ to I at time zero). 
A strong e-neck centered at (xo,to) is an evolving e-neck centered at (xo,to) and 
defined for rescaled time 1. 

The following proposition extends Theorem 3.8 in [1]. 

Proposition 2.5. For every e > there exist constants Ci = Ci{e) and C2 = 
C2{s), such that for every (restricted) ancient K-orbifold solution {0,g{t)), for each 
space-time point {x,t), there is a radius r, ■^{R{x,t))~2 < r < Ci{R{x,t))~2 ^ and 
an open neighborhood B, Bt{x,r) C B C Bt{x,2r), which falls into one of the 
following categories: 

(a) B is an strong e-neck centered at {x,t), 

(b) B is an e-cap, 

(c) O is diffeomorphic to a spherical orbifold §^//r (for a finite subgroup T of 
0{b)) with singular set of codimension at least 2. 

Moreover, the scalar curvature in B in cases (a) and (b) at time t is between 
C2^R{x,t) andC2R{x,t). 

Proof The proof is similar as that of Theorem 3.8 in f4], and is omitted. 

Remark It is not difficult to extend Naber's classification of noncompact 
shrinking four solitons with nonnegative curvature operator to the case of orbifolds. 
This makes it possible to give an alternative approach to Proposition 2.5 along the 
original lines of [H 



3 Surgical solutions 



Definition (cf. [Ij) Given an interval / C M, an evolving Riemannian orbifold 
is a pair {0{t),g{t)) (t G /), where 0{t) is a (possibly empty or disconnected) 
orbifold and g{t) is a Riemannian metric on 0{t). We say that it is C^-smooth if 
there exists a discrete subset J of /, such that the following conditions are satisfied: 

i. On each connected component of / \ J, t h- )■ 0{t) is constant, and 1 1— )■ g{t) is 
C^-smooth; 

ii. For each tg ^ J, C^(^o) = C^(^) for any t < to sufficiently close to to, and 
t \-^ g(t) is left continuous at to; 

iii. For each to ^ -^\ {sup/}, t h-)- ((9(t),(7(t)) has a right limit at to, denoted 
by(0+(to),^+(to)). 

As in [1], a time t G / is regular if t has a neighborhood in I where 0{-) is 
constant and g{-) is C^-smooth. Otherwise it is singular. We also denote by fmax 
and fmin the supremum and infimum of a function /, respectively, as in [T]. 

Definition (Compare |T], [12]) Let (O, (70) be a complete 4-orbifold with sin- 
gular set of codimension at least 2, with uniformly positive isotropic curvature and 
with bounded curvature. A piecewise C^-smooth evolving Riemannian 4-orbifold 
{(0(t), f7(t))}tg7 with initial data {O,go) is a surgical solution of the Ricci flow if 
it has the following properties. 

i. The equation -^ = —2Ric is satisfied at all regular times; 

n. For each singular time t one has (ai + a2).mm(5'+(t)) > (cti + a2)min{g{t))-, 

(Cl + C2)min{g+{t)) > (Cl + C2)minig{t)), and Rmin{9+{t)) > Rmin{9{t))\ 

iii. For each singular time t there is a locally finite collection S of disjoint 
embedded S'^Z/F's in 0{t) (where F is a finite subgroup of 0(4)), and an orbifold 
O' such that 

(a) O' is obtained from 0{t) \S hy capping-off ]R^//F's; 

(b)0+(t) is a union of some connected components of O' and g+{t) = g(t) on 

o+(t)nO(t); 

(c) Each component of O' \ 0+(t) is diffeomorphic to a spherical orbifold, or 
a neck, or a cap, or an orbifold connected sum of at most two spherical orbifolds 
with singular set of codimension at least 2. 



Definition (compare ^\) Let e and C be positive constants. A point 
{x, t) in a surgical solution to the Ricci fiow is said to have an [e, C)-canonical 
neighborhood if there is an open neighborhood U, Bt{x,a) G U G Bt{x,2a) with 
C^^R{x,t)^2 < cr < CR{x,t)^2 ^ which falls into one of the following three types: 

(a) f/ is a strong e-neck with center (x,t), 

(b) U is an e-cap with center x for g{t), 



(c) at time t, U is diffeoinorphic to a spherical orbifold with singular set of 
CO dimension at least 2, 
and if moreover, the scalar curvature in U at time t satisfies the derivative estimates 

\VR\ < CRI and |#| < CR^, 

II I at I ' 

and, for cases (a) and (b), the scalar curvature in U at time t is between C~^R{x, t) 
and CR{x,t), 

and, for case (c), the curvature operator of U is positive, and the infimal sectional 
curvature of U is greater than C~^R{x,t). 

Now we consider some a priori assumptions, which consist of the pinching as- 
sumption and the canonical neighborhood assumption. 

Pinching assumption: Let p. A, P be positive constants. A surgical solution 
to the Ricci flow satisfies the pinching assumption (with pinching constants p, A, P) 
if there hold 

ai + p > and Ci + p > 0, 

maxjas, 63, C3} < A(ai + p), maxjas, 63, C3} < A(ci + p), 
and 

, ^^ < 1 + Z""^* 

^(ai+p)(ci+p) max{lny/{ai+p){ci+p),2} 

everywhere. 

Canonical neighborhood assumption (with accuracy constants (e, C) 

and parameter r) : Let £ > be sufficiently small, and C is a constant (which may 
depend on e). Let r be a non-increasing positive function on [0, +00). A surgical 
solution g{t) to the Ricci flow satisfies the canonical neighborhood assumption 
(with accuracy constants {e, C) and parameter r) if for every point (x, t) where the 
scalar curvature R{x,t) > r^'^{t), there is an (e, C)-canonical neighborhood. 

The following lemma is analogous to Theorem 5.1 in pLj; compare also [12]. 

Lemma 3.1. Given e > sufficiently small, p,A,P > 0, a nonincreasing 
functions r : [a,b] -^ (0,+oo), and 6 > 0, there exist a nonincreasing function 
h : [a,b] — )■ (0, +00) with h(t) < 6r(t), and a function D : [a, 6] — )■ (10,+cxd), 
such that if {0{-),g{-)) is a complete surgical solution of hounded curvature defined 
on the time interval [a, h] and satisfies the a priori assumptions (with pinching 
constants p,A,P, accuracy constants {e,C) and parameter r), then the following 
holds: 

Let t e [a, b] and x,z e 0{t) such that R{x, t) < 2/r^{t) and R{z, t) > D{t)/h'^{t) . 
Assume there is a curve 7 in X{t) connecting x with z, such that each point of 
7 with scalar curvature in \2Cr^'^{t)^C^^D{t)h^'^{ty\ is center of an e-neck. Then 
there exists some point y E '^ with R{y,t) = h^^(t) which is the center of a strong 
S-neck. 



Now we describe Hamilton's surgery procedure [TT]; compare [5] and [1]. First 
we describe the model surgery on the standard cylinder, and define the orb- 
ifold standard solution. Consider the semi-infinite standard round cylinder A'"o = 
(S^//r) X (—00,4) with the metric qq of scalar curvature 1, where F is a finite 
subgroup of 0(4). Let / be a smooth nondecreasing convex function on (—00,4) 
defined by 



'm 


= 0, 


z<0; 


/w 


Q 

= ge -, 


ze{0,3]- 


/w 


is strictly convex, 


ze [3,3.9]; 


l/w 


= -lln(16-;.2)^ 


ze [3.9,4). 
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(where g is a small positive constant and Q is a large positive constant to be 
determined in Lemma 3.2 below). Replace the standard metric % on the subspace 
(§^//F) X [0,4) in A'"o by e~'^-^go. The resulting metric will induce a complete metric 
(denoted by) g on the cap ]R^//F. We call the Ricci fiow with initial data (]R^//F, g) 
the orbifold standard solution. 

Then we describe a similar surgery procedure for the general case. Fix e > 
sufficiently small, p. A, P > 0, a nonincreasing function r : [a,b] — )■ (0, +00), and 
6 > 0. Let h,D be the associated parameter as determined in Lemma 3.1, {h is 
also called the surgery scale,) and let 6 = 0(t) := 2D{t)h^'^{t) ( as in [Ij). Let 
{0{-),g{-)) be as in Lemma 3.1. Suppose at to ^ i.o.^b] we have Rmaxito) = 6(to)- 
Find a strong 5- neck N around some point x with R{x,to) = h{to). Let $r : 
§^//F X {A, 5) — )• iV be Hamilton's parametrization. Assume the center of the S- 
neck has M coordinate z = 0. The surgery is to cut off the 5- neck along the center 
and glue back two orbifold caps ]R^//F separately. We construct a new metric on 
the glued-back orbifold cap (say on the left hand side) as follows. 

e-^^g{to), ze[0,2]; 

ipe-^fgito) + (1 - ip)e~^fh''{to)go, z G [2, 3]; 
^e-2//i2(to)^o, ^G[3,4]. 

where 9? is a smooth bump function with ip = 1 for z < 2, and y? = for z > 3, 
and ^0 is as above. We also perform the same surgery procedure on the right hand 
side with parameters z G [0, 4] {z = ^ — z). 

The following lemma of Hamilton justifies the pinching assumption of surgical 
solution. 

Lemma 3.2. (Hamilton ITl^ .DS.l) There exists universal positive constant 6q, 
go and Qq such that for any T there is a constant Hq > depending on the initial 
metric ( through K, c, v) and T with the following property. If we choose q = qo 
and Q = Qo in the definition of f{z) and perform Hamilton's surgery at a 6-neck 
of radius h at time T < T with 6 < 6q and h < Hq, then after the surgery, the 
pinching condition still holds at all points at time T. 



in 



Definition (compare [I], [12] ) Given an interval I C [0, +00), fix surgery pa- 
rameter r, (5 : / — > (0, +cxd) (two non-increasing functions) and let h, D, Q = 2Dh^'^ 
be the associated cutoff parameters. Let {0{t),g{t)) {t G /) be an evoving Rie- 
mannian 4-orbifolds. Let to E I and {0+,g-^-) be a (possibly empty) Riemmanian 
4-orbifolds. We say that (C+,f7+) is obtained from {0{-),g{-)) by (r, (5)-surgery at 
time to if 

i- Rmaxigito)) = 0(to)) and there is a locally finite collection S of disjoint 
embedded §'^//r's in O(to) which are centers of strong 5-necks such that C+ is 
obtained from O(to) by doing Hamilton's surgery along these necks as described 
above ( where F is a finite subgroup of 0(4) ), and removing the components that 
are diffeomorphic to 

(a) a spherical orbifold, and either has positive curvature operator and have 
sectional curvature greater than some positive constant or is covered by e-necks 
and e-caps, or 

(b) a neck, and is covered by e-necks, or 

(c) a cap, and is covered by e-necks and an e-cap, 

(d) an orbifold connected sum of at most two spherical orbifolds with singular 
set of codimension at leat 2, and is covered by e-necks and e-caps. 

ii. If 0+ ^ 0, then RmaA9+) < Q{to)/2. 

Definition (cf. [Ij) A surgical solution {0{-),g{-)) defined on some time in- 
terval / C [0, +00) is an (r, 5)-surgical solution (or a Ricci flow with (r, (5)-cutoff ) 
if it has the following properties: 

i. R{x,t) < e(t) for all (a;,t); 

ii. At each singular time to G /, (C+(to),5'+(to)) is obtained from {0{-),g{-)) 
by (r, (5)-surgery at time to; 

iii. the a priori assumptions (with accuracy constants {e,C) and parameter r) 
holds. 

An (r, (5)-surgical solution which is K-non-coUapsing for some k > is called an 
(r, 6, K)-surgical solution. 

Lemma 3.3. Let {0{t),g{t)) be an {r, 6) -surgical solution on [a,b]. Let a < ti < 
t2 < b be two singular times. Then t2 — ti is bounded from below by a positive 
number depending only on r{b),6{b). 



Proposition 3.4. Let e be sufficiently small. Let (O, g) be a complete, connected 
4-orbifolds with singular set of codimension at least 2. If each point of O is the 
center of an e-neck or an e-cap, then O is diffeomorphic to a spherical orbifold, or 
a neck, or a cap, or an orbifold connected sum of at most two spherical orbifolds 
with singular set of codimension at least 2. 
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Sketch of Proof. The proof is along the hnes of that of [T], Theorem 7.3 and 
[1], using Lemma A. 2 in the appendix. 

Proposition 3.5. There exists a universal positive constant Sq, and given e > 0, 
< a < b and p,A,P> 0, there is a constant Hq > such that the following holds. 
Let {0{t),g{t)) he an {r, 5) -surgical solution on {a,h] with 5{h) < 5q, h{h) < Hq 
and Rmaxip) = ©(&)■ Then there exists a Riemannian orbifold {0+,g+) which is 
obtained from {0(t),g{t)) by {r,6)-surgery at time h, such that 

i. g+ satisfies the pinching assumption at time b; 

ii. (ai + a2)min{9+{b)) > (ai + a2)™„(fi'(6)), (ci + C2)mini9+ib)) > (ci + 

C2)mini9{b)), and Rmin{g+{b)) > Rmin{g{b))- 

4 Proof of Theorem 1.1 



Lemma 4.1. For all A > 0,6 e (0, |) and f > 0, there exists 5 = 6{A,6,f) 
with the following property. Let {0{-),g{-)) be a surgical solution defined on some 
interval [a,b], which restricts to an {r, 6) -surgical solution on [a,b) with min r = 
r{b) > f. Let to G [c, &) be a singular time, and suppose (5(to) < S. Consider the 
restriction of {0{-),g{-)) to [to,b]. Let p G C+(to) be the tip of some surgery cap of 
scale h(to) (with local uniformization group T), and let ti < min {b,to + 6h'^{to)} 
be maximal such that the solution is defined on P{p,to,Ah{to),ti — to). Then the 
following holds: 

i. The parabolic neighborhood P(p, to, Ah(tQ),ti — to) is, after scaling with fac- 
tor h~^{to) and shifting time to to zero, A~^ -close to P{po,0,A, (ti — to)/i~^(to)) 
(where po is the tip of the cap of the orbifold standard solution (with the same local 
uniformization group T)); 

ii. If ti < min {h,to + Oh'^ito)}, then B{p,tQ, Ah{to)) C Osing{ti) disappear at 
time ti. 



Lemma 4.2. Fix K, c, v > 0. Suppose < r_ < e, n^ > 0, and < E_ < 

E < CO. Then there exists k+ = K+{r_, k_,E_,E) > 0, such that for any r+, 
< r+ < r_, one can find 6 = 5{r^,rj^,K^,E-,E) > 0, with the following property. 
Suppose that a < b < d, b — a > E^, d — a < E. Let {O,go) be a complete 4-orbifold 
with singular set of codimension at least 2, such that \Rm\ < K , ai -\- a2 > c, 
Ci + C2 > c, and vol B{x,l) > v for any x E O. Let {0{-),g{-)) be any Ricci 
flow with {r, 6) -cutoff with initial data {O,go) defined on a time interval containing 
[a,d), where r > r^ on [a,b) and r > r+ on [b,d), and r < e. Assume that 
{0{-),g{-)) is K^-noncollapsing at scales below e on [a,b) and 6 < 6 on [a,d). Then 
{0{-),g{-)) is K^-noncollapsed at scales below e on [b,d). 

19. 



Proposition 4.3. Given e > sufficiently small, K, c, v > 0, there exist 
decreasing sequences Tj > 0, Kj > 0, 6j > 0, j = 1,2, ■ ■ ■, with the following 
property. Define positive functions r and k on [0, +oo) by r(t) = rj and nit) = Kj 
on [{j — Vje^^je^), and let 5 he any nonincreasing positive function defined on 
[0, +oo) such that 5 < 6j on [(j — 1)8"^, je"^). Let {O,go) be a complete 4-orbifold 
with singular set of codimension at least 2, such that \Rm\ < K , ai + a2 > c, 
Ci + C2 > c, and vol B{x, I) > v for any x & O. Then the (r, 5, K,)-surgical solution 
(n-non- collapsing below the scales e) with initial data {O,go) is defined for all time 
(in fact it will go extinct in finite time). 



Proof The proof is similar to that in [12] with the orbifold compactness theorem 
for Ricci flow as established in 113] in mind. 



Finally Theorem 1.1 follows from Propositions 3.4 and 4.3. 
Appendix A: Overlapping e-necks 

Let A^ : §^ X [a, b] — ?■ O^ be an orbifold covering onto its image, which we assume 
to be a suborbifold-with-boundary diffeomorphic to S^//r x [a, b] for some finite 
subgroup r < 0(4). Following Hamilton [TT] we say the neck A^ is normal if it 
satisfies the conditions (a), (b), (c) and (d) listed on page 30 of [TT]. Then virtually 
all theorems (with their proofs) in Section 3.2 of [11] extend to our situation with 
minor modifications. 

For example we show the following lemma which extends Theorem 2.4 in Section 
3.2 of [11]. (For definitions not given here see [TT].) 

Lemma A.l For any 6 > there exist e > and k with the following property. 
Let A^i and N2 are two normal necks in the same 4-orbifold O which are both 
geometrically {e, k) cylindrical, and suppose there is some point Pi in the domain 
cylinder of A^^i at standard distance at least 6 from the ends whose image in O 
is also in the image of N2. Then there exists a normal neck A^ which is also 
geometrically {e,k), and there exist diffeomorphism Fi and F2 of the cylinders 
such that A^i = NFi and N2 = NF2. 

Sketch of Proof We follow closely Hamilton [TT]. Let P2 be a point on the 
domain cylinder of N2 such that N2P2 = A^i-Pi = P- We may assume that P is 
not a singular point, since otherwise we can choose a smooth point near P which 
is also in the intersection of the images of A^^i and N2. Assume that Pi lies on the 
sphere §^ x {zi}, i = 1,2. We claim that we can find a map 

G : §3 X {Z2} ^ §^ X {zi} 

so that NiG = N2 and GP2 = Pi- The reason is as follows. Given any point 
(^2 £ §^ X {-22}, choose any smooth path 72 in §^ x {^2} from P2 to Q2 such that 



the image 7 = A^272 contains at most finite number of singular points. Tlien we 
lift 7 to a path 71 (starting from Pi) in the first cylinder with A'^171 = 7 , and the 
rest of argument is the same as in [llj . 



Lemma A. 2 Let e > be sufficiently small. Let O he a Riemannian 4- 
orbifold. Suppose that ipi : S^Z/Fj x {—e^^,e^^) -^ Ui d O are e-necks, where Fj 
are finite subgroups of 0(4), i = 1,2. Let iii : Ui ^ (~^^^! ^^^) be the composition 
of ip~'^ with the projection of S^//Fj x (—e^^, e^^) onto its second factor, i = 1,2. 
Assume that Ui fl f/2 contains a point y with — O.Oe"^ < TCi{y) < O.Qe"^. Then the 
groups Fl and F2 are conjugate in 0(4). 

Sketch of Proof If e > is sufficiently small, by extending [TT], Theorem C2.2 

to our situation, we can find normal necks Aj : S^ x [—Li, Lj] — )■ V^ C Ui such that Vi 
contains the portion '?/'j(S^//Fj x (— O.QSe"^, 0.98£:~^)) in Ui, i = 1,2. Using Lemma 
A.l we can find a normal neck A : §^ x [—L, L] — t- Vi U V2 and diffeomorphisms Fi 
and F2 of the cylinders, such that Ai = N o Fi and N2 = N o F2. Then the desired 
result follows. 
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